In this mostly expository article, elements of higher category theory essential to the construction of a class of four dimensional quantum geometric models are reviewed. These models improve current state sum models for Quantum Gravity, such as the Barrett-Crane model [3] , in that they appear, for instance to remove degeneracies which swamp the partition function. Much work remains to be done before a complete construction is reached, but the crucial categorical notion of internalisation already illuminates the idea that a full unified model may result from few, albeit as yet poorly understood, additional principles. In particular, a spacetime and matter duality principle is employed through an understanding of the role of pseudomonoidal objects in categorified cohomology.
Introduction
The philosophy behind the construction outlined here is that any reasonable attempt to describe quantum gravity within a unified framework ought to respect some quantum principle of general covariance. Recall that in coming to accept general covariance in the first place [37] , Einstein needed to rid himself of the idea that spacetime points had physical meaning outside of their use in the metric tensor field. Put another way: no gravitational field, no spacetime.
It is argued here that categorical internalisation is an essential element required of a successful mathematical description of such a principle. There is mounting support for this point of view from studies of, for instance, the link between gravity and Chern-Simons theory in three dimensions, or, and this should not be ignored, from the long term failure of many alternative lines of research.
Penrose's Twistor program is one investigation that attempted to respect this background independence, and which played an important role in the development of state sum models for quantum gravity [31] . In four dimensions the use of categories in state sums was first considered in [52] and [8] .
On the QFT side of the picture, Kreimer [22] has extensively studied the Hopf algebra structure behind Feynman diagrams, which may also be viewed as category theoretic, right down to the details of the use of polylogarithms.
To achieve true background independence one would like to abandon even the assumption of four dimensionality, and to recover this property of classical spacetime only through some limiting process. But it appears to be more propitious to investigate specifically 4-dimensional structures, with the understanding that the specialness of four dimensions will be subsequently revealed.
The reader keen to prolong a dive into abstract waters is invited to look first at the physical discussion of the last section.
A certain type of category that will arise in the following discussion is that of a topos. The interplay of categories and logic (ie. topos theory [17] ) in physics has already been carefully considered by Isham [14, 15, 16] and others, in particular with regard to the question of intuitionistic logic in the quantum world. In contrast, this paper argues that the importance of toposes may be understood directly from the construction of higher categorical state sums.
It is likely that a slightly different structure on categories will prove to be more relevant to unification, but we leave such considerations to a later date.
We sidestep here the difficult issue of the nature of an observer, referring instead to measurable physical systems, with respect to which there is an outside passive metaobserver. It is considered that this philosophy is good enough for the purposes of actually constructing the technical machinery with which to calculate observable quantities, so long as one carefully outlines what one means by a physical system.
The plethora of abstract definitions introduced in the first few sections really are essential to the argument. For expository purposes it will be necessary to begin by also discussing lower dimensional physics, not because there are more robust calculational tools available, but because of the dimensionally recursive nature of higher categories.
In section 2, the cohomological aspect to Yang-Mills theories is briefly reviewed and linked to aspects of the state sum approach. We then review the basics of categorical algebra [24] and traditional higher categorical state sums. In sections 5 and 6 internalisation and topos theory are introduced; in section 7 higher cohomology and in section 8 a 4-categorical Lorentz symmetry, which is proffered tentatively as a toy model for the investigation of physical phenomena. Finally, in section 9, the related physical ideas are outlined.
Gauge Theories and the State Sum Approach
In the state sum approach to pure quantum gravity the focus has been on spacetime structure, or rather the mathematical relationship of the construction to the Einstein-Hilbert action, with no regard to matter degrees of freedom. But if the quantum description of spacetime is sufficiently subtle, then it ought to, we believe, be a guide to the formulation of a dual description for the matter content of a unified theory.
We need to be very clear about one point: the introduction of dimensionful scales. It is only in the full unified construction that it makes sense to speak of dimensionful quantities. The topological invariants defined in the context of pure quantum gravity are of a strictly combinatorial nature and are given no direct physical interpretation.
The first and simplest way of regarding a manifold M as a category is to give it, albeit rather trivially, a groupoid structure. That is, the points of the manifold are the objects of the category and each point has attached an identity arrow, which is of course invertible. Alternatively, internalisation allows one to view the points of the manifold as maps * → M from the one point space in the category of manifolds.
As a topological space, M is a category of objects the open sets, with inclusions for arrows.
Already in two dimensions, Yang-Mills theory involves some beautiful combinatorics [49] . Let A be the space of (unitary) connections on a complex vector bundle over a surface Σ, and G the group of (unitary) automorphisms of this bundle. In the aymptotic limit g → 0 the path integral [21] 
may be evaluated exactly. Z(g) becomes a sum of contributions localised near the critical set. The leading term may be expressed in terms of intersection pairings on the moduli space of flat connections over Σ. This result uses a generalisation of the Abelian localisation principle from equivariant cohomology. For a symplectic manifold X with symplectic 2-form ω and a Hamiltonian U (1) action, there exists a moment map µ : X → R. The Duistermaat-Heckman formula [13] states that, in the case of isolated critical points p,
where the β (p,j) are weights for the U (1) action on the tangent space T p X. Chern-Simons gauge theory in three dimensions [48] has Wilson loop operators which may be thought of as representing knots in the spacetime manifold, taken to be orientable. The quantisation condition on k in the action
becomes a choice of framing for the knot. That is, a choice of twist for a normal bundle over the knot as a submanifold of M , defining a Thom class for the bundle. The geometric dual notion to the wedge product of such forms is the transversal intersection of submanifolds. This Poincaré duality extends to the more categorical Cech cohomology, with coefficients in a presheaf. For a cover {U i } of M and a covariant functor F n from the cover as a category of open sets to de Rham cohomology with compact support H n , this duality is expressed [45] 
The relevance of Thom classes becomes apparent in the context of localisation for moduli spaces for metric dependent cohomological field theories, such as Donaldson Theory in four dimensions [21] , expressed in terms of a universal Thom form. A combinatorial description of Donaldson invariants, sensitive to smooth structure, using state sums has yet to be found.
In four dimensions, the moduli space of rank n vector bundles over a smooth (projective complex) surface, for example, is not smooth. One is forced to consider more subtle geometries and categorical algebra is the correct framework in which to do this.
An important part of the argument here is an attempt to explain an as yet poorly developed higher categorical cohomology with coefficients in weak 2-categories. In other words, a 2-categorical analogue of the evaluation of path integrals like 2D Yang-Mills. This construction offers the possibility of putting quantum spacetime, as described approximately by state sum models for pure gravity, on a perfectly equal footing with matterlike degrees of freedom.
Three dimensional invariants as described by the Turaev-Viro model are constructed using triangulated, or simplicial, manifolds. Such structures appear naturally in higher categories, and a crucial idea here is that the correct way to understand these structures is through internalisation. Then one may construct alternatives to conventional state sum models using a single, very rich, higher category. All physical structures are internal to this higher category. Coefficients for the cohomology, for instance, are an internal category.
Although requiring much machinery, technically internalisation involves taking only a small, innocuous looking step from current topological state sum models. In other words, it very plausibly has something to do with quantum gravity. The crucial difference between such a universal category and the toy model proposed in [36] is that spacetime and matter are more fully unified, in the sense that matter and spacetime degrees of freedom are interrelated in a complex, nonlocal and canonical way.
Set-theoretic representation theory looks at maps from a group G, as a set, into linear spaces of operators, such as B(H, H) the bounded linear operators on a Hilbert space H. In the category-theoretic context we view both the group and the space of operators as categories, and consider maps between categories. A lesson from Algebraic Geometry is that geometric spaces in general should be put into this context.
Categorical Algebra
Whereas a set has elements, and a map between sets takes elements to elements, a category has both elements, called objects, and relationships between elements, called arrows. Every object A is equipped with at least an identity arrow 1 A from A to A. Maps between categories, called functors, take objects to objects and arrows to arrows. Arrows may be composed f •g if their ends match appropriately, as in
For example, there is a category Set whose objects are sets and whose arrows are maps between sets. In Set there is an object {0, 1}. There are also many arrows of the form f : S → {0, 1} for a set S. Such arrows may be thought of as the selection of a subset of S, namely those elements that are mapped to 1. A one element set, {0}, has precisely one arrow into it from any other set, making it an example of a terminal object in Set.
Functors are contravariant if they actually act on the category with all arrows reversed. Contravariant functors from a category C into Set are known as presheaves, providing an example of a topos. When C comes equipped with a topology one restricts to a subcategory of sheaves. Thus the categorification of fibre bundle objects will force a topos structure upon the categories we encounter.
Given an object A of a category C we construct the comma category (C, A) [17] as follows. The objects are the arrows B → A into A and the arrows are the triangles 
A
The intended interpretation of pieces of categories is that they are geometric entities. Objects are zero dimensional and arrows are one dimensional. In a category there is no equality between objects, but we consider objects isomorphic if there exists two arrows f and g as in
Now one may also define the category Cat, with categories as objects (which are small enough in a suitable sense) and arrows functors between them. One may naturally include in this category the natural transformations τ between functors, as another level of arrows, as in the commuting squares F c
These squares may be composed, both vertically and horizontally, in the obvious way. Thus Cat is an example of a 2-category: an inherently two dimensional structure. In a 2-category, all arrows between two objects A and B, denoted Hom(A, B), form a category. Another example of a 2-category is the category Top of topological spaces, with homeomorphisms for 1-arrows and homotopy classes of maps as 2-arrows.
The 2-categories we will be interested in contain no notion of equality between one dimensional arrows. For example, on taking a comma category in a 2-category, the triangles which are the arrows are only required to commute up to a 2-arrow
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Given objects A and B there may exist a product diagram [27] A P
The Cartesian product P = A × B has the universal property [24] in that, given any other product Q, there exists a unique arrow u : Q → P such that
commutes. The Cartesian product of objects allows us to define functors of the form • × X : C → C. There is a notion of Cartesian closed category where all inverses, or rather right adjoints, to these functors exist. The figure
is a cone in the target category of the functor F . A cone vertex that is universal with respect to any other cone is called LimF . This is the way category theorists like to view limits. A universal cone over a product diagram B → X ← A gives the pullback square
Monic arrows are associated with the natural notion of an equivalence relation for a category; namely pairs of arrows (h, k) [27] such that the pullback square
commutes. This equivalence class defines a subobject of A × A. Given a subset S of the arrows of a category C one defines the localisation category S −1 C by sending all arrows in S to isomorphisms under a functor C → S −1 C with the universal property.
The category representing the ordinal 4
is better visualised as the 3-simplex
Observe that such labelled simplices come with oriented edges and faces [42] .
Recall that in three dimensions gravity is a topological theory, because it has no local degrees of freedom. If one is interested in (physical) spaces that are topological (ie. equivalent up to continuous deformation) and oriented it is sufficient to describe them by a space made out of simplices, suitably glued together. A TFT is, axiomatically, a functor from such n-spaces, thought of as arrows between boundary components, into an algebraic category.
However, this isn't category-theoretic enough for our purposes. If we wish to understand four dimensions, ultimately four dimensional categories will be required. Since the geometrical complexity increases enormously with each dimension, these entities are as yet poorly understood, but things aren't quite as bad as they seem. It is often convenient to consider a higher dimensional category as a category with extra structure. Here we are interested in a cohomology theory for generalised spaces with coefficients in a 2-category.
Consider a 2-category with only one object. We can think of the arrows as objects (the identity arrow becomes the identity object I), their composition as a product structure, ⊗, and the 2-arrows as one dimensional arrows with vertical composition. Thus we have a monoidal category. Associativity of the product is expressed by the pentagon [24] (
A monoid [41] is an object M in Set along with an associative multiplication m : M × M → M and unit e : {0} → M . In other words, functions f : M → M are thought of as arrows in a one object category. A group is a monoid with invertible arrows. A homomorphism between groups
commutes, where i is the group inverse. Given a monoid in a monoidal category, which is an object X with arrows m : X ⊗ X → X and e : I → X, we can define an X-module to be another object M equipped with an action a :
A (weak) monoidal functor between monoidal categories C and D [6] is a pair (F, η) where
commutes. Weak monoidal functors take monoids to monoids.
We will have reason to consider a number of higher categories, such as 1Mon, the 2-category of all monoidal categories. Four dimensional state sums rely on at least 2-categories, but in particular braided monoidal 2-categories, which are really special types of 4-category. These appear to be the natural tools for writing down a theory of quantum gravity in four dimensions [35] .
Higher Representation Theory

Conventional State Sums
State sums are, roughly, about labelling triangulations of manifolds with unitary representations of a symmetry group. Summations of labellings give a discrete partition function for the theory, interpreted as a sum over quantum geometries. The summation formula will be seen below as a naive approximation to a cohomological invariant for higher categories. A given triangulation, with all possible labellings, really represents a subcategory. Degenerate states, which swamp the sum for the Barrett-Crane model [3] , are simply removed by a functorial localisation procedure.
One of the physically interesting models is the Lorentzian Barrett-Crane model [3] , which uses the infinite dimensional unitary representations of the Lorentz group. Unfortunately, degenerate labellings proliferate because this state sum has no quantum variables associated with edge lengths. That is, the category of representations of the Lorentz algebra is viewed only as a 1-category, and has an insufficient number of levels to provide rich enough labellings. Actually, we will see below that there is an even deeper reason, related to the definition of the partition function, why this model may not go far enough towards being finite or realistic.
The quantum Lorentz group [34] actually has an interesting structure from a categorical perspective, because it is the quantum double of U q (su (2)). Below, a quantum Lorentz 4-category is defined using pseudomonoidal objects [26] in the comma category (1Mon, U q (su(2))), which has the structure of a monoidal 2-category. But let's not jump ahead of ourselves.
In this section an existing 2-categorical state sum [35] is reviewed. In order to define this state sum, we must first briefly describe the simplest higher categorical analogue of basic representation theory.
Any group may be thought of as a category G on one object, with arrow composition giving the group product structure, and all arrows invertible. The unitary (linear) representations of a group, such as the Lie group SU (2), form a monoidal category. The product structure is given by tensor product and the 1-arrows are the intertwiners between representations. In terms of maps, a representation is a functor G → V for V the monoidal category.
In the Chern-Simons field theory description of 3-dimensional pure quantum gravity we saw that additional structure was required: the braiding of quantum group representations. In the discussion below we hope it will become clearer how the braidings fit into the categorical cohomology picture.
In 4D, by analogy, one suspects the need for 2-functors into a monoidal 2-category. The symmetry currently considered is that of a 2-group [1]: a 2-category with invertible arrows on one object. A piece of a 2-group looks like
where g is an element of the group G of 1-arrows and h an element of the group H of 2-arrows. There is an action of G on H. An example of a 2-group structure is that of semidirect product, such as the Poincaré group with G the homogeneous Lorentz transformations and H Minkowski translations.
Since 2-groups may be thought of as internal categories in the category Grp of groups, they may also be characterised as simplicial objects in Grp, which is to say that they are functors into Grp within Cat. As a single functor, a 2-group is not a particularly interesting structure from the topos theoretic point of view: one reason for advocating a different direction.
The representation 2-category V for 2-groups [51] [50] is taken to be strict in the sense that there is a notion of equality between 1-arrows. But a 2-categorical representation should involve a more subtle equivalence, which is introduced through the use of natural 2-functors F : C 1 → C 2 between 2-categories [10] . These functors are comprised of
• a map taking objects to objects
• functors between Hom categories
• natural transformations
• appropriate unit laws and coherence An example of a 2-functor is the functor taking rings R, as monoids in the monoidal category of Abelian groups, to the 2-category of categories of right R-modules. The full representation category R consists of such 2-functors from the 2-group into V. That is, the 2-category of 2-functors, pseudonatural (invertible) transformations n (the 1-arrows) such that
G(Y ) (9) and modifications µ (the 2-arrows) such that
G(Y ) (10) A rich category results from choosing the 2-category V to be the collection of categories Meas(X), where Meas(X) [51] is the category of (measurable) functors from a Borel space X, as a category, to a category of Hilbert spaces Hilb. Then the 2-category R is seen to be a category of 2-functors into a functor category where the base space is equipped with a topology, which may be thought of as internal to the 2-category of all toposes! Now consider the special case of the Poincaré group as a 2-group. The (irreducible) representations are enumerated by [35] fibrations over orbits of the Lorentz action on Minkowski space.
A conventional four dimensional topological state sum may be constructed from such a category as follows. Edges are labelled by the objects of the category. This makes sense when one recalls that a monoidal 2-category is really a 3-category on one object [43] where the tensor product acts as horizontal composition. Faces are labelled by 1-arrows, and tetrahedra by allowable 2-arrows. Coherence laws for the monoidal structure must hold on 4-simplices.
The representation category also contains tensorators [23] . That is, for any two 1-arrows f : X 1 → X 2 and g :
See [23] for further details on the structure of such so-called semistrict monoidal 2-categories.
The evaluation of the partition function uses a dual pairing defined for 4-arrows, which relys on the linearity of the top level of the representation category.
Pseudomonoidal Objects
The conventional state sums do not fully utilise the higher categorical idea of representation theory. Yet this may be essential to a rigorous description of quantum general covariance, because it is strongly linked to the search for a higher non-Abelian cohomology [39] .
The fact that one calculates manifold invariants in 3-dimensional topological gravity is very much related to the source free nature of the action. The possibility of relaxing this condition to non-manifold triangulations is taken in [36] to correspond to the inclusion of matter degrees of freedom. Four dimensional triangulations are labelled as in the Barrett-Crane model, and conical singularities on vertices and edges may appear. This construction is very natural in the Feynman diagram approach of Group Field Theory [31] . It is precisely this naive use of higher categorical structures that we attempt to improve upon with the use of internalisation, which offers the further opportunity of putting matter and spacelike degrees of freedom on an equal footing.
The necessity of correctly categorifying all the ingredients of cohomological field theory, including in particular Poincaré duality, motivates the approach taken here.
A braiding is a weakening of the commutativity of tensor product by an isomorphism
in a monoidal category, such that the hexagon [24] (
commutes. Conversely, commutativity arises from monoid objects in their internalised guise. The monoid Hom(I, I) in a monoidal category is a commutative monoid. The monoid Hom(I, I) in a monoidal 2-category is a braided monoidal category. Thus, we will see that braidings are an important idea in attempts to make rigorous the meaning of categorification, or rather dimension raising.
The addition of braidings to a monoidal category V may be described by the centre construction [4] . The braided monoidal category contains
• objects: pairs (X, f A ), where X is an object of V and f A arrows
• arrows:
• product:
• braiding:
The category of C ∞ functions on R n with respect to the Moyal product of Deformation Quantisation.
There is also a canonical association of a monoidal 2-category to any braided monoidal category via a comma construction, described below. What is the categorification of the idea that a braided monoidal category is a monoidal object in the 2-category 1Mon?
In general, the category of pseudomonoids [26] in a monoidal 2-category R, Ps(R), is the weak monoidal 2-functors [38] from 1 to R in 2Mon, the category of all monoidal 2-categories.
An object of Ps(R) [26] is, effectively, an object X in R with arrows for multiplication m : X ⊗ X → X and unit e : I → X, and 2-arrows
for associativity, left and right unit; with appropriate coherence laws. With higher cohomology in mind, it appears preferable to abandon 2-groups for the study of a representation theory of a 4-dimensional so-called Quantum Lorentz group, which by definition takes the form of a pseudomonoidal object in 2Mon.
There exists a philosophy that higher representation theory is really the same thing as the study of monoidal categories. After a little introduction to internalisation it will be possible to relate physical aspects of a unified model to such representation categories. It involves little more than the choice of a special 4-category, and this choice may be thought of as arising from physical principles alone.
Topologies on Categories
We saw that a topological path integral, such as 2D Yang-Mills, is really the evaluation of a cohomology class for a given, possibly ∞-dimensional, vector bundle. In generalising the classical geometry of manifolds one requires a more universal cohomology theory for categories, such as the recently developed Motivic Cohomology [47] of Voevodsky. The path integral evaluation becomes a natural map, known as a regulator, rather than a naive summation over states.
The argument that higher categories concisely capture physical information is considerably strengthened by the fact that in the three dimensional case this regulator, for algebraic numbers in C, is given by the hyperbolic volume [9] , which has been linked to the asymptotics of the quantum dilogarithm [20] .
Even the asymptotics of q → 1 should really be investigated in the 4-categorical setting, namely a 4-category containing the braided monoidal quantum group representations for different values of q.
The main physical principle espoused in this paper, stated more technically below, is that the full unified four dimensional theory is also topological. The question is: what do we mean by topological? Physically, spacetime and matter degrees of freedom are coupled in such a way that a choice of measurable system amounts to a selection of a topology. Actually, it will be necessary to define higher categorical topologies.
This principle immediately removes the obstacle of the constraint problem previously considered in state sum models in four dimensions. That is, it really appears simpler to attempt to define the full, topological unified theory than to worry about the unphysical pure quantum gravity, which would involve constraints and poorly understood renormalisation procedures.
Recall that a point in a space M may be represented by an arrow 1 → M . We need to generalize these arrows, introducing the idea from Algebraic Geometry that spaces can have points in other spaces. In GR, for instance, points of a fixed spacetime manifold are replaced by classes of maps of the bundle sections representing gravitational fields [37] . This is precisely like the category theoretic replacement of internal elements by arrows into the object.
Consider a simple example: the commutative ring
<f > of integer polynomials in two variables, up to the equivalence relation of the ideal generated by the polynomial f . Homomorphisms of this ring into various coefficient rings, such as Q or C, correspond to solutions of the equation with those particular coefficients. There's a lot more to generalised spaces (called schemes) than this. As one textbook [33] says in its introduction, one really needs a full undergraduate degree devoted entirely to Algebraic Geometry.
Quillen [32] and Grothendieck [11] showed that one may interpret higher categories as being geometry. From any category one may construct a simplicial complex, the nerve of the category, and the maps of this complex neatly encode the categorical structure.
Consider the open sets of a topological space as a category, with inclusion maps as arrows. Contravariant functors from this category into an algebraic one form the sort of categories that arise in TFTs, and extend the idea of presheaves. There is a subcategory of sheaves, the choice of which is dependent on the topology defined on the space category.
The first description of a topology, due to Grothendieck, is: for each object X of C a collection of subcategories of (C, X). Presheaf functors may then be restricted to any of these subcategories. Unfortunately, in order to define a non-trivial higher cohomology we require something a little more subtle.
In analogy with ordinary fibre bundles, define fibered categories [29] by a category D and a functor F : D → C, which has fibres (subcategories of D) with invertible arrows if 1. Given D ∈ D such that F (D) = C, for any arrow f into C there exists an arrow g with F (g) = f
2. In the following diagram, given all other arrows, ∃! g such that 
There is an analogue of the cocycle condition for transition functions of a fibre bundle, involving the comma categories (C, C). We refer the reader to [29] for details. These categorified bundles are more or less what Grothendieck called stacks. The category of stacks over a category C is actually a 2-category, because arrows between stacks are functors.
In order to discuss 4-categorical cohomology, we need to define a stack over a stack F : D → C as a stack G : E → C and a map A between stacks such that E
Observe that in the higher categorical setting such triangles are only required to commute up to a 2-arrow. As base schemes may be changed, in defining a topology on a category it turns out to be propitious to use covers of the category by another category. The covering maps are not required to be monic, as one might expect in analogy with inclusions of open sets, leaving room for the resolution of socalled points.
It turns out that the natural covering maps [12] need to beétale. Roughly speaking, this means that the dimension of fibres is fixed, and the topology in the vertical direction is discrete.
The topology on contravariant functor categories which we need is the Nisnevich topology [47] [30] , which in the context of Algebraic Geometry is somewhere in between the coarser Zariski and finerétale topologies. It is defined by coverings that are selected families ofétale morphisms p i : U i → X in the base category such that squares of the form
for an open embedding e and (U i − e(A × X U i )) ≃ (X − e(A)), map to pullback squares in the target category. This choice will make more sense in the context of internalisation, in particular with regard to the notion of a topology for a topos.
The category of Nisnevich sheaves (at least for smooth schemes of finite type over C) satisfies conditions that make a good homotopy theory, and hence a good cohomology theory which may be used to regularise path integrals.
Inspired by fibred categories, we define a 2-Nisnevich topology similarly by categorifying the objects on the vertices of the squares, and taking quasilimits [10] .
Internalisation and Toposes
It is often said that the power of category theory lies in the possibility of investigating structures without getting into a mess by making the mistake of peering into the object. For example, the structure of a group amounts to an associative multiplication law m, the existence of inverses i : G → G, and an identity 1 G . For a group G this structure is encapsulated by the following diagrams [7] in the category Grp of groups, with terminal object 1.
The map e : 1 → G behaves as the identity in G, although it is an arrow in Grp.
The fact that elements of an object may be thought of as arrows into the object is a result of the important [24] [29] Yoneda Lemma: For a contravariant functor F : C → Set and an object C ∈ C there is a bijection
In other words, there is a one-to-one correspondence between the elements of the set of natural transformations and the set F (C). There is a 2-categorical analogue of the Yoneda Lemma defining a morphism C → ContFunct(C, Cat) in the tricategory of all 2-categories, where the role of Set is replaced by Cat. Any object G, in any category C, satisfying the above coherence laws is thought of as a group object in C. This is generalised to structures on more than one object. For two objects C 0 and C 1 , and source and target maps s and t on the arrow object C 1 , we can define a (strict) internal category [17] by the diagram
where C 2 = {(f, g) ∈ C 1 × C 1 : tf = sg} and p i are projections, along with diagrams for associativity and identities similar to those above. It is easily shown [7] that 2-groups = group objects in Cat = internal categories in Grp
Define the simplicial category ∆ [24] to be the category with objects the finite ordinals {0, 1, 2, · · · } and arrows as in
A simplicial object is a contravariant functor from ∆ into C. That is, a list C 0 , C 1 , · · · , C n−1 of objects of C with arrows δ : C m → C m−1 and σ : C m → C m+1 and appropriate relations. Simplicial complexes have a nicely behaved homotopy theory, and may therefore be used to make rigorous the definition of higher cohomology. (There is a whole theory of categorical homotopy, the study of model categories, which we are deliberately avoiding in an attempt to keep things simple).
It turns out to be better to think of an internal category as a (truncated) simplicial object on four objects C 0 , C 1 , C 2 , C 3 : a zero, an object object, an arrows object, and room for coherence. In fact, Cat is isomorphic to the category of such simplicial objects in Set [10] .
The encoding of all categorical data into an infinite complex, the nerve of the category, goes back to Grothendieck. For C 1 the objects and C 2 the arrows, the n-simplices of the original strict nerve look like
paths of length n − 1. Conversely, complexes with this property define a category, up to equivalence. Street [42] described strict nerves for all strict n-categories in terms of functors from oriented simplices into the category. This provides a clearer understanding of, for example, how in weak categories hexagons arise from a 3-categorical nerve. The pentagon [40] G G 11 11
give σ 1 0 (f ) and σ 1 1 (f ) respectively. The 4-simplices are the tetrahedra with commuting face sets which satisfy the (dual of) pentagon (16) . The remainder of the complex is defined iteratively, with care taken in defining lifting conditions for horns.
Duskin explains how the nerve of a weak n-category should be thought of as a complex where the C 3 term has the structure of a weak (n − 1)-category, the C 4 term the structure of a weak (n − 2)-category etc. Hence the C 3 term defines another nerve in which the C 3 term etc. At each stage of this nesting process the categorical laws are encoded into the simplicial maps.
In weak 4-cohomology therefore, the C 2 term has the structure of a tricategory [43] . For forseeable physical applications one expects that tricategory structures are sufficiently subtle [44] . Now observe that functors from oriented triangulated manifolds, as appear in TFTs, may be replaced by structures internal to the target algebraic category. The sort of functor categories discussed in this paper are always toposes. That is, the base category comes equipped with a topology, generalising the notion of sheaves of sets.
The technical definition [27] [17]: a topos is a cartesian closed category with pullbacks, a terminal object 1, a subobject classifier object Ω and a special arrow, called true, such that for any monic arrow from A to B there exists a unique f creating the pullback
The Lawvere-Tierney Theorem [17] states that for any object X of a topos C, the comma category (C, X) is a topos. (Toposes have model structures, but we won't worry about this here).
Geometric morphisms between toposes are pairs of functors, F : C 1 → C 2 and G : C 2 → C 1 , which are adjoint. These morphisms are the natural arrows in the 2-category of all toposes.
Finally, a higher topos is defined here to be a simplicial object in the 2-category of all toposes. This is analogous to, for instance, the fact that a 2-group is an internal category in Grp.
A topology on a topos, in particular a contravariant functor category, may be expressed most easily as a choice of arrow [17] j : Ω → Ω and commuting diagrams
where s is the internalisation of pullback for two subobjects. The representation of a topology by an arrow mirrors the universal localisation functor from a category of presheaves to the associated sheaves.
In selecting a higher topos for physics by internalising 4D state sums one inherits for free the internal logic of the topos, which supposedly corresponds to the canonical logic of the physical system being described, whether classical, quantum or otherwise. The recognition of topos theoretic structures may thus be useful in the predictive task of identifying post-quantum matter states.
Higher Cohomology and the Centre Construction
Linearity (in particular trace maps) will finally be recovered in the context of higher cohomology. Physical quantities may be derived from the geometric dual pairing of spacetime and matter degrees of freedom. Braided monoidal categories, arising out of the centre construction, are examples of closed forms in that they are killed off by the coboundary map into 2Mon in a sequence of weak n-category objects
where, without worrying too much about this, we consider only categories of monoidal n-categories, nMon, equipped with weak monoidal functors. A pseudomonoid in 1Mon is also known as a 2-fold monoidal category. There is a correspondence between k-fold loop spaces and k-fold monoidal categories, defined iteratively in [6] . The category of monoids is thought of as a suitably restricted category of 0-fold monoidal categories. The sequence begins with Set, the 0-categories, which are in some sense the (−1)-fold monoidal categories. We stick to this odd nomenclature so as to reconcile the usual arithmetic and topological notations. Of course a complex of ntoposes might be more appropriate, but this is far too complicated a concept to contemplate at present. In summary,
which we think of as dual to Duskin's nerve construction. In the case of a 4-category there will thus be interesting structure up to C 4 = 3Mon.
The difficult question is an appropriate choice of coboundary operator. Here we simply assume that the canonical association of a monoidal 2-category to pseudomonoidal objects in 1Mon may be mirrored in higher dimensions, and this defines Z i via a combination of the centre construction and commas. This is not unreasonable given the results of Forcey [6] and his ladder of n-fold monoidal categories.
Recall that arrows for a comma category are triangles in the category. But the category Cat has natural transformations as 2-arrows. There are adjoint functors [10] F and G from the ordinal triangle 3 into the square
which we observe look just like two faces of the third oriental tetrahedron. A 2-comma category (Cat, C)(F 1 , F 2 ), for functors F 1 : A 1 → C and F 2 : A 2 → C contains [10] • objects: for each pair (
• 1-arrows: squares
• 2-arrows: pairs (φ 1 , φ 2 ) of 2-arrows in, respectively, A 1 and A 2 such that the squares for F 1 (φ 1 ) and F 2 (φ 2 ) commute.
In the cochain complex (32) [28] , Z 0 takes sets S to the monoid, in Mon, of functions f : S → S. Z 1 uses the usual centre construction for categories. Z 1 takes monoids to the trivial 2-category ( * , 1 * , 1 1 * ). This is the first instance of the conjectured general rule
where the right-hand side represents the trivial (i + 2)-category. It is well known that the representations of the quantum double of a Hopf algebra H are related to the representations of H via
an equivalence of braided monoidal categories. Here, Z 2 is expected to take Rep H to the trivial 2-category in 2Mon. So the 4-cohomology of a generalised space based on these 3-dimensional structures is always uninteresting.
It is for this reason that a new notion of quantum Lorentz symmetry needs to be defined. Internalisation clarifies an appropriate higher dimensional notion of equivalence. The subobjects of pseudomonoidal objects play the role of equivalence classes of closed forms which are the cohomology classes of ordinary Algebraic Topology.
For the purposes of this discussion the comma monoidal 2-category R = (1Mon, U q (su(2)) ≡ V) has
• objects: weak functors (U, η) : A → V as in (2) • 1-arrows: natural transformations (φ, α) :
commutes, as does A 1
) using the tensor product from V and unit (1, I : 1 → V), where 1 is the terminal category in Cat.
Pseudomonoidal objects in this category are described by (16) and (17) . The subobjects of interest are equivalence classes of monic arrows in (2Mon, R). In particular, we are interested in monoidal functors between quantum group categories for different choices of q = e − 2πi N a primitive root of unity, a natural 4-cohomological setting in which to study the true asymptotics of q → 1. These functors act like Frobenius morphisms p → p n for primes p, and appear in the Langlands' correspondence for algebraic surfaces [46] , where for P 1 ⊂ S over F p one defines Hecke operators on bundles over P 1 that correspond to the generators of U q (su(2)) for q = p This generalises to other curves C ⊂ S for U q (g) where the Cartan matrix of g is given by the intersection matrix for C, returning us to the formalism of Poincaré duality in cohomological field theory. This duality is thought to explain S−duality in String theory. Note that [46] uses Zariski topology, but this might be substituted for the Nisnevich topology in the higher categorical cohomology.
Quantum Lorentz Symmetry
2Mon may be viewed as a 4-category in the following manner. Any tricategory [43] of 2-category objects has a monoidal structure given by the higher dimensional analogue of cartesian product, the tensor product of Gray categories 2Cat 2Cat → 2Cat
Observe that we really need this product, even for 2-group representation theory, because actions G 2Rep → V live in 2Cat. This makes 2Mon a 4-category on one object. Alternatively, as a category of 3-categories on one object, it is clearly a 4-category. Only in [44] and [5] has a definition of 4-category been seriously considered. A four category properly constructed out of the 3-dimensional quantum group categories, as outlined above, may not capture fully the subtlety of four dimensions, but is still very worthy of investigation given that new invariants should be obtained by this approach.
The 4-dimensional analogue of the pentagon relation (3) for associativity in monoidal categories is the 2D Stasheff polytope on five objects 36) where each pentagon represents 2-category objects. But (24) indicated that these faces should be replaced by hexagons, resulting in the permutahedron whose faces give the generalised Zamolodchikov equations
This makes associativity and permutativity equivalent, as studied in [19] [18] and shown to explain quark confinement in QCD. From a physical perspective, this is a highly non-trivial fact. This hexagonal associahedron has remarkable symmetries. Each node is labelled by a five branched tree with 9 spin labels. Each face has 14 spin labels. So we begin to see a duality with (36) , and we begin to see how both a Lorentz like symmetry and the gauge groups of the Standard Model fall out of the same algebraic structure. 6j symbols now correspond to labelled nodes, rather than edges, but their definition is nonetheless the same, which is 
The three squares resulting from the event split map c yield similar arrows. We call the 2-arrows on hexagonal faces 14j symbols, for obvious reasons. Each label j represents a 2-category object. The polytope (36) reappears as a strict simplicial C 6 object [42] . Further details on weak nerves for 4-categories are left to a later date. For U q (su(2)), j takes values in {0, , · · · , r = r(q)}. In [34] spins are analytically continued to take into account the classification of unitary irreps of the Lorentz group. Here, j remains effectively an integer but represents a whole monoidal category of representations of U q (su (2)).
How might one define 4-manifold invariants in this setting? As [46] suggests, an invariant for an algebraic surface corresponds to the use of any U q (g) as coefficients in this weak cohomology.
9 The Physics of Internalisation
Discussion
Real physical observations only infer the existence of spacetime. One actually sees the interaction of billiard balls, gauge bosons etc. Nonetheless, a mathematical framework for a working description of a physical system requires the construct spacetime. The constraining inescapability of fudging the relationshipism of spacetime, so to speak, is something of which even Newton and Leibniz were fully aware. In a sense it is a defining property of matter that it is that which we experience as opposed to that which we infer.
The model discussed here attempts to respect general covariance, meaning that we work with the assumption of a division of observable phenomena into two components, namely matter and spacetime geometry, which have commensurate mathematical descriptions wherein the two sides of the equations of GR are replaced by higher coherence laws of a categorical nature.
Such an approach to unification is post-quantum. One expects to describe new matter regimes beyond the reduction of the theory to Standard Model particles, and beyond a description of quantum observables for spacetime degrees of freedom such as area or volume. In fact, already in the 2-group state sum models of section 4.1 there is a notion of 2-quantumness [35] , where canonical quantisation has added structure.
Conventional QFTs fix a classical spacetime manifold. Conventional TFTs are set up to calculate transition amplitudes for, for instance, punctured n-manifolds. Only with the leap to internalised models is background independence truly obtained in the sense that the geometry of spacetime is not fixed a priori. One might argue that we have assumed 4-dimensionality, but the interpretation of spacetime observables comes after the selection of a higher category largely on the requirement of general covariance. It simply happens that cohomology in the higher topos naturally yields 4-dimensional quantum theories.
In other words, there appear to be no short cuts to a consideration of the new paradigm through, for instance, Loop Quantum Gravity or String Theory as the geometries permitted in these theories are too restrictive. In particular, the arbitrary symmetry breaking of Lie gauge symmetries through compactification is expected to be replaced by the canonical gauge accompanying the choice of physical regime. Admittedly, it may be a difficult task to rigorously describe the Standard Model systems in this language, but such is not an appropriate test of the theory. Rather, on the one hand one must recover the Standard Model as an effective action through some approximation scheme, while on the other produce testable predictions of a qualitatively new nature.
One issue that quantum gravity promises to resolve is that of the existence of a mass gap for the particle spectrum of a Yang-Mills type field theory. From our point of view an understanding of the mass gap must follow from both i) a categorical description of quantisation and ii) the principle of post-quantum general covariance. This is because it arises in the same manner as the appearance of a positive Planck scale in spacetime degrees of freedom.
It is possible to approach the philosophy here from the naively apparent observation that, classically, opaque matter M forms a boundary to the spacetime 4-manifold S. The dual perspective means regarding the view from inside the matter, seeing an opaque spacetime as a boundary, thereby suggesting a type of cohomological pairing. One imagines a heinously complex geometry trying to fold back on itself in an attempt to meet this simple criterion, and scattering matter in fractal distributions. In encompassing far more general spaces, categorical models seem to provide a concrete realisation of such a duality principle.
The 4-categorical perspective promises to explain why the three dimensional braided monoidal categories do not clearly describe the process of quantisation, despite the fact that such 3-dimensional systems have provided a great deal of insight into the categorical nature of quantum fields.
In [25] , for example, mass enters through the angle deficit of the conical puncture which represents a particle on a 2-dimensional spatial surface. The quantisation of angle is understood heuristically in Loop Quantum Gravity via the area spectrum, which has a strictly positive lowest value. However, the asymptotics of q → 1 rightly belongs in a 4-categorical setting, most naively as the limit process discussed above. The trivial 4-cohomology that results from only considering the braided monoidal case seems, therefore, to be intimately connected to our lack of understanding of mass in 4-dimensional physics.
Regimes of the full model worth considering include the following.
The Classical Limit
General Relativity may be formulated by a Palatini action
How might one recover this limit from weak cohomology? Fix an algebraic complex surface (M, ∂M ). The operators of CSFT are generalised to four dimensions by the considerations of [46] . Choosing C = P 1 with self-intersection −2 corresponds to the Cartan matrix for U q (sl (2) ) with N = p 1 2 . The geometric Langlands' correspondence describes an equivalence of categories from all primes p to perverse sheaves usingĜ, which in the case of SL(2) is P GL(2, C).
Many details need to be worked out, but it seems reasonable to expect that this might link the classical theory to the Langlands' correspondence. Note that then even the classical theory will contain symmetries previously not identified.
Dark Matter
In [36] the connection between dark matter and the truncation of
in the Connes-Lott model was discussed. The internalised model should make more rigorous these ideas.
The Model
The simplicial complexes used in the usual description of TFTs inherit a topology from the geometric realisation of simplices in Euclidean space. For instance, the quantum group modules used to label 3-manifold triangulations are equivalent to perverse sheaves and not to a presheaf category. On internalisation, it is clear that the usual topology may no longer be appropriate. Hence the necessity of discussing topologies for categories.
In contrast to conventional state sums, the internalised models have one feature in particular that we argue makes them physically highly desirable. Unified state sum models such as the conical matter proposal of [36] have the property that a seemingly arbitrary menagerie of matter types may be coupled to quantum spacetimes, although [36] isn't a bad first guess: placing the conical matter on the unused vertices and edges of the Barrett-Crane model [3] means that, if limited to 4-dimensional triangulations, matter and spacetime degrees of freedom are inseparable. Even this model, however, does not really address the question of the interrelation of, and duality between, matter and spacetime.
The proper internalisation of the functors appearing in state sums, which we now know are simplicial objects, drastically improves this state of affairs. The unified physical theory is one choice of universal 4-category, and all structures are internalised.
Operators as embedded submanifolds become subcategories. An evaluation, by definition, pairs geometric duals via weak cohomology.
One immediate consequence of this point of view is that it is not possible to discuss matter dynamics independently of the quantum geometry, whatever the dimensionality of the physical system under consideration.
In [36] it is already apparent that the interaction of the conical singularities results in global changes to the topology of space. Indeed, in topological field theories in general events are accompanied by topology change. It is therefore not a wild extrapolation to the idea that the selection of a higher topology characterises a physical system.
To a first approximation, a suitable ansatz would appear to be: a measurable physical system is a choice of 2-topology defining a subtopos of the universal category. This statement is at present simply a useful constructive device, and it sheds only a little light on the paradigm shift that must presumably accompany the mathematical statement of unified models.
How does one visualise, for instance, the fact that a typical scattering experiment in this model involves matter degrees of freedom that are highly non-local and a spacetime region described by a quantum geometry in which even the concept of inside the laboratory is not necessarily well-defined? And yet these are essential elements of the physical interpretation of this theory.
Imagine a laboratory observer has seen an electron absorbed in a given classical region of spacetime. Other observers using similar scales will observe the same phenomenon in the same classical region of spacetime. An observer travelling at great speed with respect to the laboratory, however, need not observe the same phenomenon, even qualitatively. In other words, there are no consistency problems with different observers seeing completely different phenomena in what would be, classically, the same region.
Consider everybody's favourite example: the black hole. A far off observer sees nothing extraordinary in the vicinity of the black hole. But an observer just outside the horizon sees a divergent energy for nearby matter. It would look as if the whole universe were being squeezed into a fairly small region, as in the view from inside the matter.
What happens at the horizon? Well, as far as quantum gravity is concerned spacetime must end at the horizon, if an outside observer cannot see beyond it. In other words, to an observer near a black hole, life looks a bit like it would at a Big Crunch. The same can be said for the Planck scale in general. In order to observe near Planck scale phenomena, large amounts of energy are involved. Planck scale limits do not resolve into details beneath these scales, but rather correspond quite literally to dual scales. And for the quantum Lorentz symmetry one obvious duality arises from the q ↔ q −1 transformation. In other words, the link between UV and IR cutoffs studied in the 3-dimensional context becomes a very real 4-dimensional physical principle. That is, perhaps the cosmological scale, low energy WMAP data really matches information about particle physics experiments. This is the sort of prediction that 4-categorical models will make about the real world.
All horizons, so to speak, form a kind of boundary to quantum spacetime. So, in perfect analogy with classical GR, we simply state that the quantum matter degrees of freedom are fully accounted for by correctly describing the structure of quantum spacetime. If the proper internalisation of state sums based on a Lorentzian symmetry does indeed capture the essence of quantum geometry in four dimensions, then it is really a unified model that we are describing.
The degree of uncertainty in an observation characteristic of a regime falls off not in time, which has of course no independent existence, but rather with the portion of the universe that is being observed. From the algebrogeometric point of view on the quantum Lorentz group, this amounts to taking all the primes. The whole universe, and only the whole universe, knows no uncertainty.
How do dimensionful scales arise in such topological models? The 3-dimensional theory for pure gravity is sometimes used to discuss physical quantities, but our point of view is that only in the full 4-dimensional unified model, in which spacetime and matter is correctly balanced, does it make sense to split dimensionless parameters into dual pairs of physical quantities.
In a topos, subobjects play an important role. Consider the category Hilb [2] of finite dimensional Hilbert spaces with arrows the linear operators B(H 1 , H 2 ), and identity C. Through internalisation, state vectors in H are replaced by morphisms in B (H 1 , H) , ie. objects of the comma category (Hilb, H). Thus a natural categorical structure is given to states and observables [16] . We hope this example illustrates that the abstractions outlined here do not really extend greatly ideas already entrenched in physics.
Finally, the universal category U describing a unified physics is simply a suitable 4-category of 2-stacks with the requisite topos theoretic structure, such as 2Mon. It is not unlikely that a more sophisticated choice will arise out of a better understanding of higher cohomology. In summary, 1. A measurable physical system is a choice of subcategory of U, from which an evaluation provides a measurement spectrum for all observables pertaining to this system.
2. Poincaré duality for weak 4-cohomology should be interpreted as a spacetime matter duality.
Conclusions
The picture outlined here is no more than programmatic. A great deal of subtle work using higher categories needs to be done before it is known precisely how physical quantities may be calculated. Even the ordinary 2-categorical state sums warrant further study. However, we hope that this higher categorical point of view suggests more compelling reasons for the study of state sum models in general. We refer the reader in particular to the works of Goncharov [9] , who has already linked motivic cohomology to algebras related to Feynman diagrams, which of course underlie the Standard Model.
